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Conserved quantities on multisymplectic manifolds
Leonid Ryvkin∗, Tilmann Wurzbacher†, Marco Zambon‡
Abstract
Given a vector field on a manifold M , we define a globally conserved quantity to be
a differential form whose Lie derivative is exact. Integrals of conserved quantities over
suitable submanifolds are constant under time evolution, the Kelvin circulation theorem
being a well-known special case. More generally, conserved quantities are well-behaved
under transgression to spaces of maps into M .
We focus on the case of multisymplectic manifolds and Hamiltonian vector fields.
We show that in the presence of a Lie group of symmetries admitting a homotopy
co-momentum map, one obtains a whole family of globally conserved quantities. This
extends a classical result in symplectic geometry. We carry this out in a general setting,
considering several variants of the notion of globally conserved quantity.
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Introduction
Conserved quantities (or “conservation laws”) play a large rôle in variational problems and
related areas, as continuum mechanics.
Their mathematical formulation as well as application is most transparent in the case of
classical point mechanics, in its symplectic (or Hamiltonian) presentation. Given a sym-
plectic manifold (M,ω) and a Hamiltonian function H in C∞(M,R) = Ω0(M), a function
f on M is a “conserved quantity” if the Lie derivative LvH (f) = −{H, f} vanishes, where
vH is the Hamiltonian vector field associated to H (i.e., fulfilling ιvHω = −dH) and { , }
is the Poisson bracket of (M,ω). If df is different from zero, the dimension of the phase
space (M,ω) can be reduced by two and the associated Hamilton equation descends to the
reduction. Iterating this process leads – at least locally – to the essentially trivial problem of
solving a Hamilton equation on the real plane with its standard symplectic form. A typical
source of conserved quantities is given by the Noether mechanism, here very simple: if a
finite-dimensional Lie algebra g acts on (M,ω) with a (co-)momentum map and the Hamil-
tonian function is g-invariant, then the image of every element of g under the co-momentum
is a conserved quantity.
The advent of a mathematical rigorous framework for observables and symmetries on a
multisymplectic manifold (M,ω) – i.e., a manifold with a closed, non-degenerate n+1-form
for n ≥ 1 (cf. [7, 8]) – raises the question whether the above generalizes from symplectic to
multisymplectic geometry. Accordingly, we consider the set-up of a multisymplectic man-
ifold (M,ω) and a “Hamiltonian form” H ∈ Ωn−1(M), allowing for a vector field vH such
that ιvHω = −dH. We call a differential form α ∈ Ω
•(M) “strictly conserved by H (or
under vH)” if LvHα = 0. Working with forms rather than functions, we immediately have
two natural weakened notions: “global conservation” resp. “local conservation” in case LvHα
is exact resp. closed. Since conserved quantities are typically considered in integrated form,
it is often enough that a “quantity is preserved up to a total divergence”, which corresponds
to these two weakened notions, that are less interesting in the symplectic case. Among
these three kinds of conserved quantities, the one we consider most useful are the globally
conserved quantities.
Our main goal is to understand to which extent a homotopy co-momentum associated to a
multisymplectic action of a finite-dimensional Lie algebra g (cf. [2], [9]) furnishes conserved
quantities if g keeps the Hamiltonian form H invariant. Given the more involved algebraic
structure of the observables (and of the homotopy co-momentum), we find the following
as the “correct” generalization of the above conservation law on symplectic manifolds (see
12010 Mathematics Subject Classification: primary 37K05 53D05, secondary 70H33
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Prop. 2.21):
Proposition. Let (M,ω) be a multisymplectic manifold, H ∈ Ωn−1Ham (M) and (f) a homo-
topy co-momentum map for an infinitesimal action g → X(M) which leaves H invariant.
Let p be a k-cycle in the complex defining the Lie algebra homology of g. Then fk(p) is a
globally conserved quantity.
In fact, denoting the cycles of Lie algebra homology by Zk(g) and the boundaries by Bk(g),
we have the following table, whose last column reflects the above proposition (see Definition
2.7 for the three notions of preservation of H by the action of the Lie algebra g):
H locally g-preserved H globally g-preserved H strictly g-preserved
fk(Zk(g)) locally conserved locally conserved globally conserved
fk(Bk(g)) globally conserved globally conserved globally conserved
We underline that all implications in the table are sharp, as we show by explicit examples.
Further, our results hold even relaxing the assumption that ω be multisymplectic, allowing
ω to be any closed n+ 1-form.
In discussing conserved quantities (in the flavors strong/global/local), it turns out to be use-
ful to first work in the more general situation of a manifold M together with a vector field
v and to discuss differential forms “preserved by this continuous dynamical system”. In this
general context, we associate “integral invariants” to conserved quantities by integrating the
conserved forms over manifolds that are smoothly mapped to M . We obtain a very general
form of Kelvin’s classical circulation theorem, that should be of use in continuum mechanics
beyond the case of isentropic, incompressible fluids. More precisely we have (compare with
Proposition 4.1):
Proposition. Let Σ be a compact, oriented d-dimensional manifold (without boundary),
v a vector field on M with flow φt, and σ0 : Σ → M a smooth map. Consider σt :=
φt ◦ σ0 : Σ→M . If α ∈ Ω
d(M) is a differential form, then the number∫
Σ
(σt)
∗α
is independent of the time parameter t if α is globally conserved by v.
The above proposition makes apparent, in a geometric way, the usefulness of conserved
quantities.
Let us now describe the content of the different sections in more detail. In §1 we introduce
multisymplectic manifolds and define the various notions of conserved quantities. The heart
of this note is §2: given an action on multisymplectic manifold that preserves (in one of
the ways we make precise) a Hamiltonian form, we show that certain components of the
homotopy co-momentum map are conserved quantities. Further, in §2.5 we provide an al-
ternative, homological approach to prove these statements. In §3 we explain how the set-up
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needed in the previous section arises naturally, we make remarks on conserved quantities,
and provide in §3.4 an example, announced in §2.4, exhibiting a globally conserved quantity
(with respect to a strictly H-preserving action) that is not strictly conserved. Finally, §4
is devoted to applications: we present a general version of Kelvin’s circulation theorem,
and more generally we show that conserved quantities on a manifold M induce conserved
quantities on spaces of maps into M .
For a discussion of the relation between conserved quantities in multisymplectic geometry
on one side and classical field theory on the other side, we refer to Schreiber [10, §1.2.11].
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the Kelvin Circulation Theorem. M.Z. was partially supported by grants MTM2011-22612
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88881.030367/2013-01 (CAPES/Brazil), by IAP Dygest (Belgium), by the long term struc-
tural funding Methusalem grant of the Flemish Government. We thank the IECL Metz-
Nancy (UMR 7502, France), KU Leuven and Ruhr-University Bochum (via its Research
School Plus, funded by Germany’s Excellence Initiative [DFG GSC 98/3]) for making pos-
sible mutual visits of the authors.
1 Conserved quantities in multisymplectic geometry
The purpose of this section is to address conserved quantities associated to a vector field
on a manifold. We will be mainly interested in the case that the manifold carries a mul-
tisymplectic structure and the vector field is Hamiltonian. We introduce these notions in
§1.1 and §1.2 , and display some algebraic properties of conserved quantities in §1.3.
1.1 Multisymplectic manifolds
Definition 1.1. A manifold M equipped with a closed n+1-form ω ∈ Ωn+1(M) is called a
pre-n-plectic manifold. It is called an n-plectic or multisymplectic manifold if the following
map is injective for all p ∈M ,
TpM → Λ
nT ∗pM, v 7→ ιvωp.
Definition 1.2. Let (M,ω) be a pre-n-plectic manifold. An (n−1)-form α is called Hamil-
tonian if there exists a vector field vα ∈ X(M) such that
dα = −ιvαω.
We say that vα is a Hamiltonian vector field for α. In the n-plectic case vα is unique. The
set of Hamiltonian (n−1)-forms is denoted as Ωn−1Ham (M).
Remark 1.3. Observe that if vα is a Hamiltonian vector field corresponding to α, then
Lvαω = 0 by Cartan’s formula.
The following L∞-algebra was constructed for n-plectic manifolds in [7, Thm. 5.2] and
generalized to the pre-n-plectic case in [11, Thm. 6.7]
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Definition 1.4. Given a pre-n-plectic manifold (M,ω), the Lie n-algebra of observables
L∞(M,ω) = (L, {lk}) is the graded vector space given by
Li =
{
Ωn−1Ham (M) i = 0,
Ωn−1−i(M) 0 < i ≤ n− 1,
together with the maps
{
lk : L
⊗k → L | 1 ≤ k ≤ n+1
}
given by
l1(α) = dα if degα > 0,
l1(α) = 0 for degα = 0, and for all k > 1
lk(α1, . . . , αk) =
{
0 if degα1 ⊗ · · · ⊗ αk > 0,
ς(k)ι(vα1 ∧ · · · ∧ vαk)ω if degα1 ⊗ · · · ⊗ αk = 0,
where vαi is a Hamiltonian vector field associated to αi ∈ Ω
n−1
Ham (M) and ς(k) = −(−1)
k(k+1)/2.
Here the contraction with multivector fields is defined by ι(vα1 ∧ · · · ∧ vαk) = ιvαk . . . ιvα1 .
1.2 Conserved quantities
Definition 1.5. Let M be a manifold and v a vector field on M . A form α ∈ Ω•(M)
is called a
(a) locally conserved quantity if Lvα is a closed form,
(b) globally conserved quantity if Lvα is an exact form,
(c) strictly conserved quantity if Lvα = 0.
We denote the graded vector spaces of those quantities by Cloc(v) resp. C(v) and Cstr(v).
The following inclusions follow directly from Cartan’s formula.
Lemma 1.6. Let M be a manifold and v a vector field on M . Then we have
(i) Cstr(v) ⊂ C(v) ⊂ Cloc(v),
(ii) Ω•cl(M) ⊂ C(v),
(iii) d(Cloc(v)) ⊂ Cstr(v).
We will be especially interested in the case where (M,ω) is pre-n-plectic and v preserves ω.
In this case additional results hold.
Lemma 1.7. Let (M,ω) be a pre-n-plectic manifold and v a vector field on M such that
Lvω = 0. Then we have
(i) α ∈ Ωn−1Ham (M) is locally conserved by v if and only if ι[vα,v]ω = 0, for some (or
equivalently for every) Hamiltonian vector field vα for α.
If moreover v = vH is a Hamiltonian vector field for H ∈ Ω
n−1
Ham (M), then
(ii) α ∈ Ωn−1Ham (M) is locally conserved by vH if and only if LvαH is closed for some (or
equivalently for every) Hamiltonian vector field vα for α.
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(iii) α ∈ Ωn−1Ham (M) is globally conserved by vH if and only if LvαH is exact for some (or
equivalently for every) Hamiltonian vector field vα for α.
(iv) H ∈ C(vH).
Proof. Assertion (i) follows from the identity LX ◦ ιY = ιY ◦ LX + ι[X,Y ] applied to ω.
Assertions (ii) - (iv) follow from Cartan’s formula.
Remark 1.8. We observe that the closeness resp. exactness of LvαH is equivalent to the
closeness resp. exactness of l2(α,H).
As the following example illustrates, even in the n-plectic case, in general LvHH 6= 0.
Example 1.9. Let M = R3, ω = dx ∧ dy ∧ dz and H = xdy + zdz. Then vH = −
∂
∂z , so
ιvHH = −z and LvHH = −dz.
Remark 1.10. In the symplectic (i.e. the 1-plectic) case with H ∈ C∞(M) = Ω0Ham(M)
we have the following statements for f ∈ C∞(M) and v = vH :
(1) f is globally conserved if and only if f is strictly conserved and this is the case, if and
only if {H, f} = 0,
(2) f is locally conserved if and only if {H, f} is locally constant.
As the following example shows, in the symplectic situation local conservedness does not
suffice to formulate a “conservation law”.
Example 1.11. Let M = R2 with coordinates q, p, ω = dp ∧ dq and H = p. Taking f = q,
the Hamiltonian vector field is given by vH =
∂
∂q and thus LvHf = 1 i.e. f is locally but
not globally conserved. Then for any integral curve γ(t) = (q0 + (t− t0), p0) of vH we have
f(γ(t)) = f(γ(t0)) + (t− t0), i.e., f is not a constant of motion.
1.3 The algebraic structure of conserved quantities
Throughout this subsectionM will denote a manifold and v a vector field onM . We present
here elementary methods to construct new conserved quantities from known ones.
Lemma 1.12. The space Cstr(v) is a graded subalgebra of Ω
•(M).
As the following example illustrates the spaces C(v) and Cloc(v), unlike Cstr(v), are not
closed under wedge-multiplication.
Example 1.13. Let M = R3, ω = dx ∧ dy ∧ dz and H = −xdy. We observe that
dH = −dx∧dy and consequently vH =
∂
∂z . We set α = zdx and β = zdy. Then LvHα = dx
and LvHβ = dy are exact but LvH (α ∧ β) = 2zdx ∧ dy is not even closed.
However stability under multiplication with elements from the following graded-commutative
subalgebra of Ω•(M) is assured:
A(v) := {β ∈ Ω(M) | dβ = 0 and Lvβ = 0} ⊂ Cstr(v).
Lemma 1.14. The spaces C(v) and Cloc(v) are graded modules over A(v).
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Proof. We prove the statement for C(v), the proof for Cloc(v) being identical. Let α ∈ C(v)
(that is, there is a form γ with Lvα = dγ) and β ∈ A(v). Then
Lv(α ∧ β) = Lvα ∧ β + α ∧ Lvβ = dγ ∧ β = d(γ ∧ β).
Again, more can be said if (M,ω) is pre-n-plectic and v preserves ω.
Proposition 1.15. Let (M,ω) be pre-n-plectic and v a vector field satisfying Lvω = 0. The
graded vector spaces
L∞(M,ω) ∩ Cloc(v), L∞(M,ω) ∩ C(v) and L∞(M,ω) ∩ Cstr(v)
are L∞-subalgebras of L∞(M,ω). Moreover Lv (lk(β1, ..., βk)) = 0 for k ≥ 1 and β1, ..., βk ∈
L∞(M,ω) ∩ Cloc(v).
Proof. We claim that brackets of locally conserved quantities in L∞(M,ω) are strictly con-
served. The only bracket which is nontrivial on components other than Ωn−1Ham(M) is l1 = d.
It follows from part (iii) of Lemma 1.6 that l1 = d applied to a locally conserved quantity is
strictly conserved. Now for k ≥ 2 consider β1, ..., βk ∈ Ω
n−1
Ham(M), such that Lvβi is closed
for all i. We want to show that
Lv (lk(β1, ..., βk)) = 0.
As lk(β1, ..., βk) = ±ι(vβ1 ∧ · · · ∧ vβk)ω, for any collection of Hamiltonian vector fields {vβi}
for {βi} this is equivalent to showing
Lvιvβk ...ιvβ1ω = 0.
Using the identity LX ◦ ιY = ιY ◦LX+ ι[X,Y ] we can move Lv past the ιvβi since ι[v,vβi ]
ω = 0
by part (i) of Lemma 1.7. We find
Lvιvβk ...ιvβ1ω = ιvβk ...ιvβ1Lvω = 0,
proving our claim.
2 Conserved quantities from homotopy co-momentum maps
In this section we consider (infinitesimal) actions. More precisely, (M,ω) will always denote
a pre-n-plectic manifold and G a Lie group (resp. g a Lie algebra) acting on M .
Given a Hamiltonian form H on M , we define three notions of “preservedness” of H with
respect to the action, see Definition 2.7. Suitable conserved quantities are constructed from
co-momentum maps for each of these three notions of preservedness, respectively in §2.2,
§2.3 and §2.4. Finally, in §2.5 we propose a less intuitive homological approach that has the
advantage of being rather concise.
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2.1 Actions on multisymplectic manifolds
Definition 2.1. Let (M,ω) be a pre-n-plectic manifold. A right action ϑ of a Lie group G
on M is called multisymplectic if ϑ∗gω = ω for all g ∈ G, where ϑg = ϑ(·, g). An infinitesimal
right action of a Lie algebra g on M , i.e. a Lie algebra homomorphism g→ X(M), x 7→ vx,
is called multisymplectic if Lvxω = 0 for all x ∈ g. For a connected Lie group G, a right
action ϑ is multisymplectic iff the corresponding infinitesimal right action (given by x 7→ vx
where vx(m) =
d
dt |0ϑ(m, exp(tx)) at all m ∈M) is multisymplectic.
A multisymplectic infinitesimal action is thus a Lie algebra homomorphism from g to
X(M,ω) = {X ∈ X(M)|LXω = 0}. One may ask, whether such an action admits an
“L∞-lift” to L∞(M,ω). For an explicit description of the equations fulfilled by such a lift,
the following definition is useful.
Definition 2.2. Let g be a Lie algebra. We define the Lie algebra homology differential ∂
by setting
∂k = ∂|Λkg : Λ
kg→ Λk−1g, x1∧· · ·∧xk 7→
∑
1≤i<j≤k
(−1)i+j [xi, xj ]∧x1∧· · ·∧xˆi∧· · ·∧xˆj∧· · ·∧xk,
for k ≥ 1. We put Λ−1g = {0} and ∂0 to be the zero map.
Definition 2.3. An L∞-morphism (f) from g to L∞(M,ω) is a collection of maps (f) =
{fi : Λ
ig→ Ωn−i(M)|1 ≤ i ≤ n} satisfying im(f1) ⊂ Ω
n−1
Ham (M) and the equation
− fk−1(∂(p)) = dfk(p) + ς(k)ι(vp)ω (1)
for all k = 1, . . . , n+1 and p ∈ Λkg (setting f0 and fn+1 to be zero). Here we use the short
hand notation vp := vx1 ∧ · · · ∧ vxk whenever p = x1 ∧ · · · ∧ xk for xi ∈ g.
Remark 2.4. This is, of course, the general definition of an L∞-algebra morphism special-
ized to the case at hand.
We recall from [2, §5] the higher analogue of momentum map in symplectic geometry:
Definition 2.5. A (homotopy) co-momentum map for a multisymplectic infinitesimal action
v : g→ X(M) on (M,ω) is an L∞-morphism (f) : g→ L∞(M,ω) such that for all x ∈ g
d(f1(x)) = −ιvxω. (2)
Remark 2.6.
(1) In [5] and [9] equations (1) and (2) are interpreted as a coboundary condition on a
certain chain complex.
(2) A co-momentum map (f) is G-equivariant if the components fi : Λ
ig → Ωn−i(M) are
equivariant for all i ∈ {1, ..., n}. When G is connected, this can be expressed infinitesi-
mally: ∀q ∈ Λig and for all x ∈ g = TeG the equality Lvx(fi(q)) = fi([x, q]) holds. Here
[x, ·] is ad(x) acting on Λ•g.
Now we turn to infinitesimal actions preserving a Hamiltonian n−1-form H on a pre-n-
plectic manifold (M,ω). As in the case of the conserved quantities, one has to distinguish
to which extent the action preserves the Hamiltonian form.
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Definition 2.7. Let g→ X(M,ω), x 7→ vx be an infinitesimal action. It is called
(a) locally H-preserving if LvxH is closed for all x ∈ g.
(b) globally H-preserving if LvxH is exact for all x ∈ g.
(c) strictly H-preserving if LvxH = 0 for all x ∈ g.
Remark 2.8. Usually a differential form would be called “preserved by an infinitesimal
action” if condition (c) is fulfilled.
In the following we will investigate the conserved quantities arising from co-momentum
maps separately for these three cases.
2.2 Conserved quantities from locally H-preserving actions
In this subsection we assume that (M,ω) is a pre-n-plectic manifold, H ∈ Ωn−1Ham (M) and
that (f) : g→ L∞(M,ω) is the co-momentum of a locally H-preserving infinitesimal action
g→ X(M,ω), x 7→ vx.
By the definition of a co-momentum map, the generator of the infinitesimal action associated
to x in g is a Hamiltonian vector field of f1(x). As earlier, for p = x1 ∧ ... ∧ xk ∈ Λ
kg we
write vp := vx1 ∧ ... ∧ vxk and ι(vp) = ιvxk ...ιvx1 .
Lemma 2.9. Let (f) = {fi|1 ≤ i ≤ n} be a co-momentum for v : g → X(M,ω) and
H ∈ Ωn−1Ham (M). Then for any Hamiltonian vector field vH of H we have
(i) f1(x) ∈ Cloc(vH) for all x ∈ g,
(ii) ι[vH ,vx]ω = 0 for all x ∈ g,
(iii) ι(vp)ω ∈ Cstr(vH) for all p ∈ Λ
kg.
Proof. (i) follows from Lemma 1.7 (ii) and (ii) from Lemma 1.7 (i). Further, (iii) follows
upon recalling that [Lv, ιw] = ι[v,w] and part (ii):
LvH (ι(vp)ω) = LvH ιvxk ...ιvx1ω = −ιvxkLvH ...ιvx1ω = ... = ±ι(vp)(LvHω) = 0.
It turns out, that certain subspaces of the image of the higher components of the co-
momentum map constitute locally conserved quantities. To specify this we recall the defi-
nition of Lie algebra homology.
Definition 2.10. Let g be a Lie algebra, k ≥ 1 and ∂k the k-th Lie algebra homology
differential. We define
(a) the cycles Zk(g) = ker(∂k) ⊂ Λ
kg,
(b) the boundaries Bk(g) = im(∂k+1) ⊂ Λ
kg and
(c) the k-th Lie algebra homology space Hk(g) =
Zk(g)
Bk(g)
.
Remark 2.11. The space Zk(g) is denoted by Pg,k and called the k-th Lie kernel of g in
[6].
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Proposition 2.12. Let p ∈ Zk(g). Then fk(p) is locally conserved by any Hamiltonian
vector field vH of H.
Proof. The case k = 1 is part (i) of Lemma 2.9. Assume now k > 1. We have to show that
LvHfk(p) is closed. We have
dLvHfk(p) = LvHdfk(p) = −ς(k)LvH ι(vp)ω = 0,
where the first equality holds because the Lie derivative commutes with the exterior deriva-
tive, the second one, because of Equation (1), and the last one because of Lemma 2.9
(iii).
Proposition 2.12 states that LvHfk(p) is a closed (n−k)-form, hence we obtain:
Corollary 2.13. Let p ∈ Zk(g). If H
n−k
dR (M) is zero, then fk(p) is globally conserved by
any Hamiltonian vector field vH of H.
Proposition 2.14. If p ∈ Bk(g) ⊂ Zk(g), then fk(p) is globally conserved by any Hamilto-
nian vector field vH of H.
Proof. Let q be a potential for p, i.e. ∂k+1q = p. Then
LvH (fk(p)) = LvH (fk(∂q)) = LvH (−dfk+1(q)− ς(k + 1)ι(vq)ω)
= −dLvHfk+1(q)− ς(k + 1)LvH ι(vq)ω),
using Equation (1). The statement then follows by Lemma 2.9 (iii).
The following example shows sharpness of the statement of Proposition 2.12, i.e. for p ∈ Λkg
the condition ∂p = 0, in general, does not imply that fk(p) is globally conserved.
Example 2.15. Let M = R3, ω = dx ∧ dy ∧ dz and H = −xdy. We already observed
dH = −dx ∧ dy and vH =
∂
∂z . We consider the two-dimensional abelian Lie algebra
g = 〈a, b〉R and the homomorphism v : g → X(M) given by va =
∂
∂x and vb =
∂
∂y . We
have that LvaH = −dy is exact and LvbH = 0. We construct a co-momentum map for this
action by f1(a) = −ydz, f1(b) = xdz and f2(a∧ b) = −z. Then a∧ b ∈ Z2(g) is a cycle and
−z is locally conserved, as predicted by Proposition 2.12, but not globally:
LvH (−z) = ι ∂
∂z
d(−z) = −1 6= 0.
2.3 Conserved quantities from globally H-preserving actions
In this subsection we assume that (M,ω) is a pre-n-plectic manifold, H ∈ Ωn−1Ham (M) and
that (f) : g→ L∞(M,ω) is the co-momentum of a globally H-preserving infinitesimal action
g→ X(M,ω), x 7→ vx.
As Example 2.15 indicates, no significant improvements of the above results are to be
expected upon passing from locally to globally H-preserving actions. There is only a slight
improvement of Lemma 2.9 (i) with essentially the same proof:
Lemma 2.16. Let (f) = {fi|1 ≤ i ≤ n} be a co-momentum for v : g → X(M). Then
f1(x) ∈ C(vH) for all x ∈ g and for any Hamiltonian vector field vH of H.
Remark 2.17. Notice that Lemma 2.9 and Lemma 2.16 hold for any element Ωn−1Ham (M)
whose Hamiltonian vector field is vx.
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2.4 Conserved quantities from strictly H-preserving actions
In this subsection we assume that (M,ω) is a pre-n-plectic manifold, H ∈ Ωn−1Ham (M) and
that (f) : g→ L∞(M,ω) is the co-momentum of a strictly H-preserving infinitesimal action
g→ X(M,ω), x 7→ vx. The assumption that the action is strictly H-preserving can be easily
realized if there is a connected compact Lie group G with a smooth action on M whose
differential is the infinitesimal action of g on M , see Lemma 3.1.
To prove a stronger result than Proposition 2.12 in this situation we need the following
observation (cf., e.g., [6, Lemma 3.4]).
Lemma 2.18. Let M be a manifold and let Ω be a not necessarily closed differential form
on M . For all m ≥ 1 and all vector fields v1, . . . , vm in the Lie algebra X(M) we have:
(−1)mdι(v1 ∧ · · · ∧ vm)Ω = ι(∂(v1 ∧ . . . ∧ vm))Ω +
m∑
1=1
(−1)iι(v1 ∧ · · · ∧ vˆi ∧ · · · ∧ vm)LviΩ
+ ι(v1 ∧ · · · ∧ vm)dΩ.
Definition 2.19. Given a differential form Ω ∈ Ω•(M) and a multi-vector field Y ∈
Γ(ΛmTM), the Lie derivative of Ω along Y is defined as a graded commutator, by LYΩ :=
dιY Ω− (−1)
mιY dΩ.
Remark 2.20. This definition allows to combine the first and last term in the above
formula into a Lie derivative. Hence the above formula can be written Lv1∧···∧vmΩ =
(−1)m[ι(∂(v1 ∧ . . . ∧ vm))Ω +
∑m
1=1(−1)
iι(v1 ∧ · · · ∧ vˆi ∧ · · · ∧ vm)LviΩ].
Proposition 2.21. Let p ∈ Zk(g). Then fk(p) is a globally conserved quantity.
Proof. We have
ιvHdfk(p) = −ς(k)ιvH ι(vp)ω = (−1)
kς(k)ι(vp)dH = ς(k)d(ι(vp)H)
where we used Equation (1) in the first equality, and in the last equality Lemma 2.18 applied
to the form H, as well as the g-invariance of H and once more the assumption p ∈ Zk(g).
Therefore we conclude from Cartan’s formula that
LvHfk(p) = d
(
ιvHfk(p) + ς(k)ι(vp)H
)
.
Remark 2.22. In the symplectic case, a homotopy co-momentum map boils down to its
first component, f1 : g → Ω
0(M), a classical co-momentum map. Upon observing that
Z1(g) = g, the preceding proposition then reduces to the well-known obvious but important
fact that if a Hamiltonian function H is g-invariant, then for all x in g we have that
{f1(x),H} = LvHf1(x) = 0.
In particular, by Proposition 2.21, f1(x) is a globally conserved quantity for all x ∈ g.
Even in the case at hand of strictly H-preserving actions, f1(x) is not strictly conserved in
general, as the following example shows.
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Example 2.23. LetM = R3, ω = dx∧dy∧dz andH = −xdy. Then vH =
∂
∂z . Furthermore
we consider α = zdx and the R-action given by g = R → X(M), 1 7→ vα = −
∂
∂y . This
action clearly admits a co-momentum map determined by f1(1) = α. Then LvαH = 0 but
LvHα = dx 6= 0.
More is true: even if one assumes that x ∈ B1(g) is a boundary, f1(x) is still not strictly
conserved in general, as Example 3.19 below shows.
Specializing k to n in Proposition 2.21, we obtain scalar functions fn(x1, . . . , xn) on M . As-
sembling these functions we obtain a mapM → Zn(g)
∗, very similar to the multi-momentum
maps of Madsen-Swann, except that it is not equivariant in general. As in the symplectic
case, it satisfies:
Corollary 2.24. The vector field vH is tangent to the level sets of the map M
φ
→ Zn(g)
∗
given by φ(m)(p) = fn(p)(m).
Proof. We have to show that vH(m) ∈ ker(Tmφ : TmM → Tφ(m)Zn(g)
∗ = Zn(g)
∗). We have(
(Tmφ)(vH(m))
)
(p) = (dfn(p))(vH(m)) = (ιvHdfn(p))(m) = (LvHfn(p))(m) = 0,
where the last equation uses the fact that LvHfn(p) is exact and an exact function is
necessarily 0.
Remark 2.25. An analogue of this result, where Zn(g) is substituted by Bn(g) holds in
the setting of Proposition 2.14.
We close this subsection by showing how a co-momentum map yields elements of the algebra
A(vH) from Lemma 1.14.
Lemma 2.26. For a strictly H-preserving infinitesimal action x 7→ vx we have:
(i) Let p ∈ Zk(g) for k ≥ 1. Then ι(vp)ω ∈ A(vH).
(ii) Let (f) be a co-momentum map for the g-action. Let p ∈ Zk−1(g), for k ≥ 2. Then
lk(f1(x1), . . . , f1(xk−1),H) ∈ A(vH).
Proof. Let us first observe that if α ∈ C(vH), then dα ∈ A(vH). In fact dα, being exact, is
closed. Furthermore LvH (dα) = d(LvHα) = 0 since LvHα is zero.
(i) By Proposition 2.21, fk(p) is a globally conserved quantity. As ι(vp)ω = ±dfk(p) due
to Equation (1), it is an element of A(vH) because of the preceding observation.
(ii) By Proposition 1.15, lk(f1(x1), . . . , f1(xk−1),H) is conserved. We compute
d(ι(v1 ∧ · · · ∧ vk−1)H) = (−1)
k−1(ι(v1 ∧ · · · ∧ vk−1)dH)
= −(ι(v1 ∧ · · · ∧ vk−1 ∧ vH)ω) = −ς(k)lk(f1(x1), . . . , f1(xk−1),H),
so lk(f1(x1), . . . , f1(xk−1),H) is exact, and in particular closed.
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2.5 The homological point of view
In this subsection we rephrase the “generation of conserved quantities” via a co-momentum
in a homological fashion.
Let g be a Lie algebra acting on a pre-n-plectic manifold (M,ω), let H be a Hamiltonian
(n−1)-form, and vH a Hamiltonian vector field of H. Assume that the action is locally
H-preserving, i.e. LvxH is closed for all x ∈ g. The map g → H
n−1
dR (M), x 7→ [LvxH]
measures how far the action is from being globally H-preserving. This map is 0 on [g, g]
and can thus be defined on H1(g) = g/[g, g]. Furthermore it can be extended to a map on
the whole Lie algebra homology.
Proposition 2.27. For every k = 1, . . . , dim(g) the map
A : Hk(g)→ H
n−k
dR (M), [p] 7→ [LvpH]
is well-defined.
Proof. Let p ∈ Zk(g). We first check that LvpH is closed: Putting vp =
∑
l v
l
1 ∧ ... ∧ v
l
k one
has
dLvpH = (−1)
k+1LvpdH = −
(
ι(v∂p)dH +
∑
l
k∑
i=1
(−1)iι(vl1 ∧ · · · ∧ vˆ
l
i ∧ · · · ∧ v
l
m)Lvl
i
dH
)
= 0,
where the first equality follows from Definition 2.19, the second from Remark 2.20 and the
last one from ∂p = 0 and the closeness of Lvli
H.
Let q ∈ Λk+1g. Similarly to above, we write vq =
∑
l v
l
1 ∧ ... ∧ v
l
k+1. We check that Lv∂qH
is exact. By the definition of Lie derivative, this follows since
ι(v∂q)dH = (−1)
k+1LvqdH −
k+1∑
i=1
∑
l
(−1)iι(vl1 ∧ · · · ∧ vˆ
l
i ∧ · · · ∧ v
l
k+1)Lvli
dH = −dLvqH
is exact. Again, here in the first equality we used Remark 2.20 and in the second that Lvli
H
is closed since the action is locally H-preserving.
Remark 2.28.
(1) If the action is globally H-preserving, the map g → Hn−1dR (M) is zero, but the higher
components of A do not necessarily vanish. This is exhibited by Example 2.15: ι(va ∧
vb)dH = −ι(
∂
∂x ∧
∂
∂y )(dx ∧ dy) = −1 is closed but not exact.
(2) If the action is strictly H-preserving, then the map A is identically zero. Indeed, for
every p ∈ Zk(g) we have LvpH = 0, as can be seen applying Lemma 2.18 to H.
When a co-momentum map exists, we can be more explicit:
Lemma 2.29. If (f) is a co-momentum map (f) for the g-action, then the map A can be
written as follows: for all p ∈ Zk(g),
A([p]) = −ς(k)[LvHfk(p)].
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Proof. Let p ∈ Zk(g). We have A([p]) = [LvpH] = (−1)
k[ι(vp)ιvHω] using the definition of
Lie derivative for multivector fields (see Remark 2.20). We can express this in terms of the
co-momentum map using
(−1)kι(vp)ιvHω = ιvH ι(vp)ω = −ς(k)ιvHdfk(p) = −ς(k)(−dιvH fk(p) + LvHfk(p)).
Passing to the cohomology class finishes the proof.
Lemma 2.29 has several consequences:
Remark 2.30.
(1) The form fk(p) is locally conserved if p ∈ Zk(g) and globally conserved if p ∈ Bk(g).
Hence we recover Proposition 2.12 and Proposition 2.14.
(2) There is a canonical injective map J : Cloc(vH )C(vH ) →֒ HdR(M), [α] 7→ [LvHα], as follows
immediately from the definitions. The map A factors as
Hk(g)−→
Cn−kloc (vH)
Cn−k(vH)
J
−→ Hn−kdR (M)
for every k, where the first map is induced by fk multiplied by −ς(k). In particular,
the map A takes values in the subspace J(Cloc(H)C(H) ) of HdR(M).
(3) If the action is strictly H-preserving, by Remark 2.28 (2), fk(p) is globally conserved
for all p ∈ Zk(g). Hence we recover Proposition 2.21.
3 Examples and constructions
In the previous section we proved the existence of conserved quantities in the following
set-up: G is a Lie group acting on a pre-n-plectic manifold (M,ω), H ∈ Ωn−1Ham (M) is
locally, globally or strictly preserved, and (f) is a co-momentum map . Here we give several
constructions that assure the existence of a preserved Hamiltonian H and of a co-momentum
map, in §3.1 and §3.2. Further, in §3.3 and §3.4 we make additional remarks on conserved
quantities.
3.1 Constructing preserved Hamiltonians
In this subsection we consider a natural geometric situation in which the above machinery
can be applied. We do not assume the existence of an invariant Hamiltonian form here,
but we always assume a smooth action ϑ : M × G → M of a connected Lie group G on a
pre-n-plectic manifold (M,ω) such that ϑ∗g(ω) = ω for all g ∈ G.
Lemma 3.1. Consider a connected compact Lie group G acting on the pre-n-plectic manifold
(M,ω), and let H˜ ∈ Ωn−1Ham (M) which is locally preserved by the action. Then there exists
H ∈ Ωn−1Ham (M) which is strictly preserved by the action and has the following property: any
Hamiltonian vector field of H˜ is also a Hamiltonian vector field of H.
Proof. Define H :=
∫
G ϑ
∗
g(H˜)µ(dg), the average of H˜ using the normalized Haar measure
µ(dg) on G. Then H is strictly preserved by the action. Furthermore we have
dH =
∫
G
ϑ∗g(dH˜)µ(dg) = dH˜.
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The last equality holds because ϑ∗g(dH˜) = dH˜ for all g ∈ G, as a consequence of dLvxH˜ =
LvxdH˜ = 0 for all x ∈ g. Hence the Hamiltonian vector fields of H˜ are exactly the Hamil-
tonian vector fields of H.
Proposition 3.2. Consider a connected compact Lie group G acting on the pre-n-plectic
manifold (M,ω). Let v be a G-invariant vector field on M with Lvω = 0. Suppose that
HndR(M) = 0. Then v is the Hamiltonian vector field of some Hamiltonian form H which
is G-invariant, i.e. strictly preserved by the action.
Proof. The condition Lvω = 0 implies that ιvω is closed, and by our cohomological assump-
tion it is exact:
ιvω = −dH˜
for some H˜ ∈ Ωn−1Ham(M). Now we average both sides of the above equation. Notice that
ιvω is G-invariant, since v and ω are, hence the averaged form H :=
∫
G ϑ
∗
g(H˜)µ(dg) (where
µ is the normalized Haar measure on G) satisfies the same equation: ιvω = −dH.
An interesting special case is the one of volume forms:
Corollary 3.3. Consider a connected compact Lie group G acting on (M,ω), where ω is
a volume form. Let v be a G-invariant vector field on M which is divergence-free (i.e.
Lvω = 0). Suppose that H
dim(M)−1
dR (M) = 0. Then v is the Hamiltonian vector field of
some G-invariant Hamiltonian form H.
Remark 3.4. If M is compact and simply connected, then H
dim(M)−1
dR (M) vanishes by
Poincaré duality and the above result is applicable.
The following statement is a variation of Proposition 3.2, in which the compactness as-
sumption on G is replaced with the condition Hn−1dR (M) = 0 and which leads to a globally
preserved Hamiltonian.
Proposition 3.5. Consider a connected Lie group G acting on the pre-n-plectic manifold
(M,ω). Let v be a G-invariant vector field on M with Lvω = 0. Suppose that H
n
dR(M) =
0 = Hn−1dR (M). Then v is the Hamiltonian vector field of some Hamiltonian form H which
is globally preserved by the action.
Proof. Since Lvω = 0 and H
n
dR(M) = 0 we have ιvω = −dH for some (usually not G-
invariant) H ∈ Ωn−1Ham (M). The form ιvω is G-invariant, since v and ω are. Hence for all
x ∈ g we have 0 = LvxdH = d(LvxH). The condition H
n−1
dR (M) = 0 implies that LvxH is
exact.
3.2 Induced actions of isotropy subgroups
Let G act on a pre-n-plectic manifold (M,ω). In this whole subsection we fix p ∈ Zk(g) ⊂
Λkg, for some k ≥ 1 (see Definition 2.10). We denote by Gp the corresponding isotropy
group for the adjoint action of G on Λkg, and by gp its Lie algebra. Explicitly, gp = {x ∈
g : [x, p] = 0}.
Remark 3.6. Let p ∈ Zk(g) and x ∈ g. From Lemma 3.12 it follows that x ∧ p ∈ Zk+1(g)
iff x ∈ gp.
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Lemma 3.7. The form ι(vp)ω ∈ Ω
n+1−k(M) is closed, and invariant under the action of
G0p, the connected component of the identity in Gp.
Proof. The equality d(ι(vp)ω) = 0 follows upon applying Lemma 2.18. The invariance holds
since for every y ∈ gp we have Lvy ι(vp)ω = ι([vy, vp])ω + ι(vp)Lvyω = 0, where the bracket
is defined analogously to Lemma 3.12 later on.
Now assume there is a co-momentum map (f) : g→ L∞(M,ω).
Proposition 3.8. A co-momentum map for the action of G0p on (M, ι(vp)ω) is given by
(fp) : gp → L∞(M, ι(vp)ω) with components (j = 1, . . . , n− k):
fpj : Λ
jgp → Ω
n−k−j(M),
q 7→ −ς(k)fj+k(q ∧ p).
Furthermore, if the co-momentum map (f) is G-equivariant, then (fp) is G0p-equivariant.
Proof. We first show that (fp) is a co-momentum map. Let q ∈ Λjgp. We have
ς(k + j)ιvq (ι(vp)ω) = ς(k + j)ι(vp∧q)ω = −fk+j−1(∂(p ∧ q))− d(fk+j(p ∧ q))
using in the second equality that (f) is a co-momentum map (see eq. (1) ). From Lemma
3.12 we obtain ∂(p ∧ q) = (−1)kp ∧ ∂(q) = (−1)kj∂(q) ∧ p since p ∈ Zk(g) and q ∈ ∧
jgp.
Using ς(k + j) = ς(k)ς(j)(−1)kj+1 we hence obtain
ς(j)ιvq (ι(vp)ω) = −f
p
j−1(∂(q)) − df
p
j (q).
For the equivariance statement, notice that for all y ∈ gp:
Lvy(f
p
j (q)) = Lvy(fk+j(p ∧ q)) = fk+j([y, p ∧ q]) = fk+j(p ∧ [y, q]) = f
p
j ([y, q]),
where we used the equivariance of (f) in the second equality.
Remark 3.9. The existence of a co-momentum map (f) implies that ι(vp)ω is exact with
primitive −ς(k)fk(p), by Equation (1). Assume further that fk is G-equivariant. Then
this primitive is G0p-invariant, for Lvyfk(p) = fk([y, p]) = 0 for all y ∈ gp. Hence, by [2,
Lemma 8.1], an equivariant co-momentum map for the action of G0p on (M, ι(vp)ω) is given
by (j = 1, . . . , n− k):
Λjgp → Ω
n−k−j(M),
q 7→ (−1)kι(vq)(fk(p)).
Notice that this co-momentum map may differ from the one given in Proposition 3.8.
Finally, we consider Hamiltonian forms.
Proposition 3.10. Let H ∈ Ωn−1Ham (M) be G-invariant, then ι(vp)H is G
0
p-invariant and it
is a Hamiltonian form with respect to ι(vp)ω with Hamiltonian vector field vH .
Proof. The G0p-invariance of ι(vp)H is shown exactly as in Lemma 3.7. For the second
statement, using Lemma 2.18 we compute d(ι(vp)H) = (−1)
kι(vp)dH = ιXH (ι(vp)ω).
Remark 3.11. Consider the case k = n−1. Then ι(vp)ω is a 2-form, and from Proposition
3.10 we recover the fact that ι(vp)H is a conserved quantity (a special case of Proposition
3.15 later on).
16
3.3 Co-momentum maps for g⊕ R
We extend the results of §2.4 under a non-degeneracy assumption for ω. We assume that
(M,ω) is an n-plectic manifold, H ∈ Ωn−1Ham (M) and that (f) : g → L∞(M,ω) is a co-
momentum for a strictly H-preserving infinitesimal action g→ X(M,ω), x 7→ vx.
By Lemma 1.7 (i) the generators of the action commute with the Hamiltonian vector field
vH of H, so the infinitesimal g-action on M extends to an action of the direct sum Lie
algebra g˜ := g⊕ 〈c〉R, by means of c 7→ vH . Notice that Λ
kg˜ = Λkg⊕ (Λk−1g⊗ 〈c〉R).
In the sequel we will make use of the following Lemma several times. Recall that the
differential ∂ was defined in Def. 2.2.
Lemma 3.12. Let p ∈ Λkg and q ∈ Λlg. Then
∂(p ∧ q) = ∂(p) ∧ q + (−1)kp ∧ ∂(q) + (−1)k[p, q],
where [x1∧ ...∧xk, y1∧ ...∧yl] =
∑
(−1)i+j [xi, yj]∧x1∧ ...∧ xˆi∧ ...∧xk∧y1∧ ...∧ yˆj∧ ...∧yl.
Proof. It is sufficient to prove the assertion for monomials p = x1 ∧ . . . ∧ xk and q =
xk+1∧. . .∧xk+l. In that case ∂(p∧q) is given by a sum over indices i, j with 1 ≤ i < j ≤ k + l.
Splitting it into sums over i < j ≤ k, k < i < j and i ≤ k < j proves the assertion.
Remark 3.13. The bracket [·, ·] : Λ•g × Λ•g → Λ•g defined above turns Λ•g into a Ger-
stenhaber algebra.
Lemma 3.14. There is a canonical extension of (f) to a co-momentum map (f˜) for the
g˜-action, determined by
f˜k(x1, . . . , xk−1, c) = ς(k)ι(vx1 ∧ · · · ∧ vxk−1)H (3)
for all k ≥ 1 and x1, . . . , xk−1 ∈ g.
Proof. We have to check that Equation (1) is satisfied. Without loss of generality assume
p = x1∧· · ·∧xk−1 ∈ ∧
k−1g, and notice that [xi, c] = 0 for all i implies that ∂(p⊗c) = (∂p)⊗c,
by Lemma 3.12. Using the definition of f˜k, Equation (1) applied to p⊗ c reads
−ς(k − 1)ι(v∂p)H = ς(k)dι(vp)H + ς(k)(−1)
k−1ι(vp)ιvHω.
Using ιvHω = −dH we see that this equation is satisfied by Lemma 2.18, since H is g-
invariant and using the identity ς(k)ς(k − 1) = (−1)k.
Notice that, even when (f) is equivariant, (f˜) is not equivariant in general. For instance,
LvHf1(x) is usually different from f˜1([c, x]) = f˜1(0) = 0. Further, it can usually not be made
equivariant by an averaging procedure since the group G×R integrating g˜ is non-compact.
If (f˜) is equivariant, one has strong consequences: LvHfk(x1, . . . , xk) = 0, and in particular
fk(x1, . . . , xk) is a strictly conserved quantity for all x1 ∧ · · · ∧ xk ∈ ∧
kg.
If we assume that LvHH = 0, then the g˜-action strictly preserves the Hamiltonian H, hence
we can apply Proposition 2.21 to the g˜-action and obtain globally conserved quantities for
vH for all elements of Zk(g˜). As the latter is isomorphic to Zk(g)⊕ (Zk−1(g)⊗ 〈c〉R), these
globally conserved quantities are those we already know from Proposition 2.21, plus those
arising from Zk−1(g)⊗〈c〉R. Somewhat surprisingly, it turns out that the latter are globally
conserved quantities even without the assumption LvHH = 0. This fact is not predicted by
Prop. 2.12, which only ensures the existence of locally conserved quantities.
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Proposition 3.15. Assume that (M,ω) is an n-plectic manifold, H ∈ Ωn−1Ham (M) and that
(f) : g→ L∞(M,ω) is the co-momentum of a strictly H-preserving Lie algebra action. The
f˜k(p⊗ c) as in eq. (3) is a globally conserved quantity, for all p ∈ Zk−1(g).
Proof. Because of Cartan’s formula it suffices to show that ιvHdf˜k(p⊗ c) is exact. We will
show that it actually vanishes. By Lemma 3.14 and using eq. (1) we get
ιvHdf˜k(p ⊗ c) = ιvH
(
−f˜k−1(∂(p ⊗ c)) − ς(k)ι(vp⊗c)ω
)
Applying Lemma 3.12 to the Lie algebra g˜ we see that ∂(p ⊗ c) = 0. Further vc = vH , so
by the skew-symmetry of ω we get ιvH ι(vp⊗c)ω = 0, which finishes the proof.
3.4 Multisymplectic analogue of magnetic terms
In this subsection we explain how to generalize the well-known magnetic term from sym-
plectic geometry to the multisymplectic situation (compare [4, §7] for this construction) and
provide the example announced in §2.4.
Construction 3.16. Let N be a manifold and c a closed k + 1-form on N . Denoting the
canonical projection from ΛkT ∗N → N by π and the canonical k-form on ΛkT ∗N by −θ, the
k+1-form ω = dθ+π∗c is always k-plectic i.e. non-degenerate and closed on M = ΛkT ∗N .
The form π∗c is called magnetic term.
Proposition 3.17. Let k ≥ 1 and N be a manifold, b ∈ Ωk(N) and w a vector field on
N , such that Lwb = da for some a ∈ Ω
k−1(N) (i.e. b is globally conserved by w). Denote
the canonical lift of w to M = ΛkT ∗N by wh. Then wh is a Hamiltonian vector field on
(M,ω = dθ + π∗db), with the following Hamiltonian (k−1)-form:
H = −π∗a+ ιwh(θ + π
∗b). (4)
Proof. Upon observing ιwh(π
∗b) = π∗(ιwb) and consequently Lwh(π
∗b) = π∗(Lwb), we have:
dH = −π∗Lwb+ d(ιwhθ) + π
∗(dιwb)
= −π∗da− ιwhdθ + Lwhθ − π
∗(ιwdb) + π
∗Lwb
= −π∗da− ιwhdθ − π
∗(ιwdb) + π
∗da = −ιwh(dθ + π
∗db)
= −ιwhω,
where in the third equality we used Lwhθ = 0, as in the symplectic case.
Remark 3.18. If N ×G→ N is a right action and b a G-invariant k-form on N , then the
k-plectic form ω = d(θ+π∗b) on M = ΛkT ∗N has a G-invariant potential. This assures the
existence of a co-momentum map (see [2, §8.1]), whose first component f1 : g→ Ω
k−1
Ham (M)
is given by f1(x) = ιvhx (θ + π
∗b).
In §2.4 we announced an example of a strictly H-preserving action on a multisymplectic
manifold admitting a co-momentum (f) such that, for some boundary x ∈ B1(g), f1(x) is
a globally conserved quantity that is not strictly conserved. We now provide this example.
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Example 3.19. Let N × G → N be a right action and assume that, in the set-up of the
preceding proposition, the vector field w and the forms a and b be G-invariant. Then H
(see eq. (4)) is invariant under the induced G-action on M = ΛkT ∗N .
Assuming furthermore db = 0, we can choose a := ιwb. Specialize to k = 2 and N = G with
the action by N ×G→ N, (n, g) 7→ g−1·n. Thus we have:
• for x ∈ g = TeG and g ∈ G is vx(g) = −(rg)∗(x), where rg(h) = h·g for h ∈ G. In
particular, the generators vx of the action are right-invariant vector fields on G.
• w is a left-invariant vector field, i.e. it exists w˜ ∈ g such that for g ∈ G, w(g) =
(lg)∗(w˜), where lg(h) = g·h for h ∈ G,
• b is a closed left-invariant 2-form, i.e. it exists a b˜ ∈ Λ2g∗ which is closed under the
Chevalley-Eilenberg differential (the dual of the Lie algebra homology differential) and
b(g) = (lg−1)
∗(b˜) = ((lg−1)∗)
∗(b˜) for all g ∈ G.
Denote by (f) the co-momentum map recalled in Remark 3.18. For any x ∈ g we compute
Lwhf1(x) = ιvhxπ
∗(Lwb) = −π
∗(d(ιvxa)),
so f1(x) being a strictly conserved quantity is equivalent to ιvxa being a constant function
on N . Evaluating the function ιvxa = b(w, vx) at g ∈ N = G one obtains
− b˜(w˜, Adg−1(x)). (5)
It is clear that the function (5) is not constant in general. For instance, take G = SL2(R).
A basis for g := sl2(R) is
h =
(
1 0
0 −1
)
, e =
(
0 1
0 0
)
, f =
(
0 0
1 0
)
,
and [h, e] = 2e, [h, f ] = −2f, [e, f ] = h. So notably all elements of g are boundaries. The
form b˜ := e∗ ∧ f∗ ∈ Λ2g∗ is closed (actually exact) with respect to the Chevalley-Eilenberg
differential. Taking w˜ := f and x := h ∈ g = B1(g) one computes that the function (5)
attains the value 2βδ at g =
(
α β
γ δ
)
∈ G, hence it is not a constant function on G. We
conclude that for this choice of x ∈ B1(g), the form f1(x) is not strictly conserved.
4 Applications of conserved quantities
In §2 we saw that many conserved quantities exist on pre-n-plectic manifolds endowed with
a co-momentum map. In this section we show some geometric consequences of the existence
of conserved quantities on a manifold M , by looking at maps from a compact oriented
manifold Σ into M . In most of our statements M does not need any additional geometric
structure (but we specialize to the pre-n-plectic case e.g. in Proposition 4.9). In §4.1 we
consider conserved quantities whose degree, as differential forms on M , equals dim(Σ). In
§4.2 we extend some of the results to arbitrary degrees.
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4.1 A general Kelvin’s circulation theorem
Let M be a manifold and v ∈ X(M) a vector field. Let Σ be a compact, oriented d-
dimensional manifold, and σ0 : Σ → M a smooth map. We view Σ as a “membrane” in
M , which evolves under the flow of the vector field, and want to find quantities which
are unchanged under the evolution. The following proposition can be viewed as a general
version of Kelvin’s circulation theorem, as we explain in Remark 4.6 below.
Proposition 4.1. Let Σ be a compact, oriented d-dimensional manifold (possibly with
boundary), v a vector field on M with flow φt, and σ0 : Σ → M a smooth map. Consider
σt := φt ◦ σ0 : Σ→M . If α ∈ Ω
d(M) is a differential form, then the number∫
Σ
(σt)
∗α
is independent of the time parameter t if one of the following conditions holds:
(i) α is strictly conserved by v,
(ii) α is globally conserved by v and Σ has no boundary,
(iii) α is locally conserved by v and there exists a compact, oriented manifold with boundary
N such that Σ = ∂N and a map σ˜0 : N →M with σ˜0|∂N = σ0.
Remark 4.2. Since Σ is compact, there exists an ε = ε(σ0) > 0 such that φt is defined at
least on (−ε, ε)×σ0(Σ) ⊂ R×M . Obviously in (i) and (ii) we can consider |t| < ε = ε(σ0).
Mutatis mutandis we consider only |t| < ε(σ˜0) in case (iii). Notice that if dim(M) = d, or
more generally if α is closed, then α is globally conserved.
Proof. We only prove that condition (ii) suffices, for the other implications follow analo-
gously. The diffeomorphisms φt satisfy
d
dt(φ
∗
tα) = φ
∗
t (Lvα). Precomposing with the pullback
(σ0)
∗ we obtain
d
dt
(σ∗t α) = σ
∗
t (Lvα). (6)
Hence by compactness of Σ,
d
dt
∫
Σ
σ∗t α =
∫
Σ
σ∗t (Lvα) =
∫
Σ
d(σ∗t γ) = 0,
where in the first equality we used Equation (6), in the second that Lvα = dγ for some form
γ, and in the last one Stokes theorem.
Remark 4.3. The sufficiency of Condition (ii) in Proposition 4.1 is not surprising. By
assumption v preserves α up to an exact form, and by Stokes’ theorem the contribution
given by exact forms vanishes upon integration over Σ.
The following statement addresses a variation of condition (iii) in Proposition 4.1.
Proposition 4.4. Let Σ be a compact, oriented manifold without boundary of dimension d,
v a vector field on M with flow φt. If α ∈ Ω
d(M) is locally conserved, then for every fixed
time t, one obtains a well-defined map
Ft : [Σ,M ]→ R, [σ0] 7→
∫
Σ
(σt)
∗α−
∫
Σ
(σ0)
∗α.
20
Here [Σ,M ] denotes the set of smooth homotopy classes of maps from Σ to M , σ0 : Σ→M
denotes a smooth map and σt := φt ◦ σ0 : Σ→M .
Further, the dependence on t is linear: Ft[σ0] = t · c([σ0]) where c([σ0]) :=
∫
Σ(σ0)
∗(Lvα).
Proof. We have∫
Σ
(σt)
∗α−
∫
Σ
(σ0)
∗α =
∫ t
0
[
d
ds
∫
Σ
(σs)
∗α
]
ds =
∫ t
0
[∫
Σ
σ∗s(Lvα)
]
ds
where the last equality is obtained as in the proof of Proposition 4.1. Now recall that Lvα is
a closed form on M . Hence by Stokes’ theorem the term in the square bracket depends only
on the homotopy class of σs, which agrees with the homotopy class of σ0 since σs = φs ◦σ0.
We conclude that the above expression equals t · c([σ0]).
We present an example for Proposition 4.1 and Proposition 4.4.
Example 4.5. Let M be a manifold, v a vector field, and α ∈ Ωd(M). Take a map
σ0 : S
d →M defined on the d-dimensional sphere, denote by σt the composition of σ0 with
the time t flow φt of v. The number
∫
Sd(σt)
∗α is independent of the time parameter t if the
following occurs: either i) Lvα is exact, or ii) Lvα is closed and σ0 is homotopy equivalent
to a constant map. This follows from Proposition 4.1 (ii) and (iii).
Further, assuming that Lvα is closed, one obtains a well-defined group homomorphism
πd(M,x) → R, [σ0] 7→
∫
Sd
(σt)
∗α−
∫
Sd
(σ0)
∗α
defined on the d-th homotopy group ofM based at some point x, and where the dependence
on t is linear. This follows from Proposition 4.4 and the following argument to show that
the group homomorphism property. We denote the group multiplication of πd(M,x) by
∗. It is given by the following composition, where p denotes a distinguished point on the
sphere:
f ∗ g : (Sd, p)→ (Sd/Sd−1, p) = (Sd ∨ Sd, p)
(f∨g)
−→ (M,x)
Choosing appropriate representatives of the respective homotopy classes we may assume
that f, g and f ∗ g are smooth. Then for α ∈ Ωd(M) we calculate:∫
Sd
(f ∗ g)∗α =
∫
Sd\{p}⊔Sd\{p}
(f ∨ g)∗α =
∫
Sd
f∗α+
∫
Sd
g∗α.
Remark 4.6 (Kelvin circulation theorem). A variant of Proposition 4.1 (ii) for a time-
dependent vector field vt and time-dependent differential form αt ∈ Ωd(M) is the following:
if Lvtα
t + ddtα
t is exact and Σ has no boundary, then the number∫
Σ
(σt)
∗(αt)
is independent of the time parameter t.
We mention this because the Kelvin circulation theorem in fluid mechanics can be understood
as a special case of the above. Let vt =
∑
i v
t
i∂xi be a time-dependent vector field on R
3, and
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use the standard metric on R3 to obtain from vt the 1-form αt =
∑
i v
t
idxi. One computes
ιvtdα
t =
∑
i,k v
t
k
∂vti
∂xk
dxi −
1
2d
∑
i(v
t
i)
2, so that Lvtα
t + ddtα
t is exact if and only if
∑
i,k
vtk
∂vti
∂xk
dxi +
∑
i
(
d
dt
vti
)
dxi (7)
is exact. By the above, it then follows that
∫
Σ(σt)
∗αt is independent of t.
Upon rewriting the exactness of (7) as (vt · ∇)vt + ∂u∂t = −∇w, with ∇ the usual gradient
in R3, we recognise the first of the isentropic Euler equations (see e.g. [3, page 15]). It is
well-known that this equation implies the classical Kelvin circulation theorem ([3, page 21])
which is exactly the time-independence of
∫
Σ(σ
∗
t )(α
t) in this case.
Under symmetry assumptions, our methods lead to other conserved quantities, as we now
explain. In fluid mechanics, the time-dependent vector field vt is divergence free, i.e. Lvtω =
0 for all t, where ω = dx1∧dx2∧dx3 is the standard volume form on R
3. In the presence of a
compact group of symmetries – i.e. of an action of a compact Lie group G on R3 preserving
ω and vt – it turns out by Corollary 3.3 that, for every fixed value of t, the vector field
vt is the Hamiltonian vector field of a time dependent G-invariant Hamiltonian 1-form of
(R3, ω). Further, ω is exact with G-invariant primitive, so that the action of G on (R3, ω)
admits a co-momentum map [2, §8.1]. The latter, by virtue of Proposition 2.21, delivers
further (time-independent) globally conserved quantities for vt, for each value of t. One can
then apply the above variant of Proposition 4.1 (ii) to the time-dependent vector field vt
and to the newly obtained globally conserved quantities.
4.2 Transgression of conserved quantities
Proposition 4.1 (ii) fits in the following framework. Let Σ be a compact, oriented manifold
(without boundary) and M a manifold. Given a vector field v on M , there is a naturally
associated vector field vℓ on MΣ = C∞(Σ,M), the space of smooth maps from Σ to M . It
is given as follows:
vℓ|σ = σ
∗v ∈ Γ(σ∗TM) = TσM
Σ,
for all σ ∈MΣ. Notice that, denoting by φt the flow of v on M , the flow of v
ℓ maps σ ∈MΣ
to φt ◦σ ∈M
Σ. Similarly, associated to a differential form on M there is a differential form
on MΣ of lower degree. It is defined by the transgression map
ℓ :=
∫
Σ
◦ ev∗ : Ω•(M)→ Ω•−s(MΣ)
where ev : Σ ×MΣ → M is the evaluation map and
∫
Σ denotes the integration along the
fiber (cf. eg. [1, Cap. VI.4]) of the projection Σ×MΣ →MΣ.
Proposition 4.7. Let Σ be a compact, oriented manifold (without boundary) of dimension
d and let v be a vector field on M . If α ∈ Ωk(M) is globally (resp. locally resp. strictly)
conserved by v then αℓ ∈ Ωk−d(MΣ) is globally (resp. locally resp. strictly) conserved by vℓ.
Proof. The transgression map ℓ commutes with de Rham differentials, and furthermore we
have (ιvα)
ℓ = ιvℓα
ℓ. Therefore it commutes with Lie derivatives in the following sense:
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Lvℓα
ℓ = (Lvα)
ℓ. Assume α is globally conserved. We have to show that Lvℓα
ℓ is an exact
form. Since α ∈ Ωk(M) is a globally conserved quantity, there is a γ ∈ Ωk−1(M) with
Lvα = dγ. Hence
Lvℓα
ℓ = (Lvα)
ℓ = (dγ)ℓ = dγℓ.
The other cases follow similarly.
Remark 4.8. When k = d, Proposition 4.7 recovers Proposition 4.1 (ii). Indeed, let
α ∈ Ωd(M). By Proposition 4.7 the function αℓ on MΣ is invariant under the flow of vℓ.
The latter maps a point σ ∈ MΣ to φt ◦ σ, where φt denotes the flow of v on M . Finally,
for all σ ∈MΣ we have
αℓ|σ =
(
(
∫
Σ
◦ ev∗)(α)
)
|σ =
∫
Σ
(ev|Σ×{σ})
∗α =
∫
Σ
σ∗α,
where in the second equality we used that ev|Σ×{σ} = σ.
Now we specialize to a pre-n-plectic manifold (M,ω) together with a vector field vH which
is Hamiltonian for some H ∈ Ωn−1Ham (M). Notice that (vH)
ℓ is a Hamiltonian vector field of
Hℓ on (MΣ, ωℓ), as follows from
ι(vH )ℓω
ℓ = (ιvHω)
ℓ = (−dH)ℓ = −dHℓ.
A special case of Proposition 4.7 reads:
Proposition 4.9. Consider a pre-n-plectic manifold (M,ω) together with a vector field vH
which is Hamiltonian for some H ∈ Ωn−1Ham (M). Let Σ be a compact, oriented manifold
(without boundary) of dimension d. If α ∈ Ωk(M) is a globally conserved quantity for vH ,
then
αℓ ∈ Ωk−d(MΣ)
is a globally conserved quantity for (vH)
ℓ, i.e. L(vH )ℓα
ℓ is an exact form.
Remark 4.10. Consider a G-action on (M,ω) for which H is strictly preserved. The G-
action onM gives rise to aG-action onMΣ = C∞(Σ,M), simply given by (g·σ)(p) := g·σ(p)
for all σ ∈ MΣ and p ∈ Σ. It can be checked that for a infinitesimal generator vx of the
action on M (x ∈ g), the corresponding infinitesimal generator of the action on Σ is (vx)
ℓ.
Hence the lifted G-action preserves ωℓ and Hℓ. In [2, §11] and [5, §6] it is shown that a
co-momentum map for the action of G on (M,ω) transgresses to a co-momentum map for
the action on (MΣ, ωℓ). This is consistent with the fact, that firstly, certain components
of co-momentum maps are globally conserved quantities (Proposition 2.21) and, secondly,
globally conserved quantities transgress to give globally conserved quantities (Proposition
4.9).
References
[1] M. Audin. Torus actions on symplectic manifolds. Progress in Mathematics. Birkhäuser
Basel, 2004.
23
[2] M. Callies, Y. Fregier, C. L. Rogers, and M. Zambon. Homotopy moment maps.
Advances in Mathematics, 303:954–1043, 2016.
[3] A. J. Chorin and J. E. Marsden. A mathematical introduction to fluid mechanics,
volume 4 of Texts in Applied Mathematics. Springer-Verlag, New York, third edition,
1993.
[4] A. I. F. Cantrijn and M. D. Leon. On the geometry of multisymplectic manifolds. J.
Austral. Math. Soc. (Series A), 66:303–330, 1999.
[5] Y. Frégier, C. Laurent-Gengoux, and M. Zambon. A cohomological framework for
homotopy moment maps. J. Geom. Phys., 97:119–132, 2015.
[6] T. B. Madsen and A. Swann. Closed forms and multi-moment maps. Geom. Dedicata,
165:25–52, 2013.
[7] C. L. Rogers. L∞-algebras from multisymplectic geometry. Lett. Math. Phys.,
100(1):29–50, 2012.
[8] C. L. Rogers. 2-plectic geometry, Courant algebroids, and categorified prequantization.
J. Symplectic Geom., 11(1):53–91, 2013.
[9] L. Ryvkin and T. Wurzbacher. Existence and unicity of co-moments in multisymplectic
geometry. Differential Geom. Appl., 41:1–11, 2015.
[10] U. Schreiber. Differential cohomology in a cohesive infinity-topos. ArXiv:1310.7930.
[11] M. Zambon. L∞-algebras and higher analogues of Dirac structures and Courant alge-
broids. J. Symplectic Geom., 10(4):563–599, 2012.
24
